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Abstract 

In this report we explore the problem of obtaining 

confidence intervals and tests of hypotheses for the 

parameters of a new family of life distributions derived 

In [1].  Several statistics whose distributions are 

Independent of the shape parameter are Investigated in 

terms of accuracy of confidence bounds for the distribution 

scale parameter. Percentage points of the statistic yielding 

the most accurate confidence bounds on the scale parameter, 

among those investigated, are tabulated for samples of 

size n, n«2(l)5. 
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0*     Int rmhif'^lnji 

In  (1),  Itlrnbiium rtiul S.iuittl<r^ iKrlvt-d a iifw f»ii ily of   IH« 

difitrlbm itms fron plminihlc tuiiKtdiTalloni» of the phyitiral l»t'l.«ivj.»r 

of fatigue- rrack f-rowtli unilcr n-piMted  loading.    Certain point 

estimators for the parancti-rH «if   thl» famllv of dlstrll ut Inim wi-rr 

investigated  in  (2).     In the followlng, wt« explore tlw prolilvr. of 

obtaining confidence  Intrrval« and test« of hypothcntii for iK«-*«« 

parameters. 

We denote by   £7((i,f-)    tne  tvo-paramvter distribution of a nun- 

negative random variable derive'!  in  [1] and defined by 

(0.1) m~ f,(t/t)) for    t  > 0 a 

where    a > 0, 6 > 0    and 

(0.2) Ut) -  vT- -^ . 
/t 

and   9?    is the distribution function of the standard normal varlate. 

The parameter    a    determines the shape of the distribution whll«- t'.t- 

median     ß    is a scale parameter.     Iterative* numurloal procedures  fur 

the computation of  the maximum  likelihood estimates of    a    and    r    are 

developed  and a simple estimator    £     of    £     is  derived  in  (2).    We nh«/-1 

here  that   the maximum likelihood estimators, and the estimator    r     as 

well,   rvi'ii  tliou^h they have optimal asymptotic properties,  are such 

tluil   they cannnt   form the basis   for  invariant  tests and confidence 

nifiv.ils  for either of   the parameters for all sample slzt-s.     Several 

Mat I'.I Irs who.se distributions  are  independent   of live shape parameter 

(i    are   Invest ijviled   in  terms  of   their consequent   confidence  regions 



Im   itif '••.il>' |MI .iPh'tt'i'    t'.    Tin* iHTrvntAgo pointB of the mo*t 

<it > fj'i.il'lf HI.II t><t ii'H iimttiiK tlixNi1 Inveatigatfd arc evaluated by 

MiMiir C.irlu mi-ilttxin «im! tlu* rt'HultH prcecnted.    Further, 10010 

1 t>mp.irihonn of |ntw»»r arc nlno obtnlncd by the same means and the 

cttrvi'H ••xlili'iuui. 



1.    Maximum Likelihood Estimators 

In order to define the maximum likelihood estimators of    a    am*    p 

we first define for a given set of positive random variables    T-,...,T 

the arithmetic and harmonic means,  respectively 

i    n 

n i-i 1 
1 i -1- 

and the harmonic mean function 

K00 
n 

n 1-1 

-1 -1 

Then If T.,...,? represents a sample of Independent random variables 

each distributed as £7(a,ß), the maximum likelihood estimator ß of 2 

is the unique positive solution of the random equation    g(x) ■ 0    where 

g(x) - x2 - x[2R + K(x)]  + RIS + K(x)). 

The maximum likelihood estimator a of a Is then given in terms of 

0, S, R and 

■Ml ■I. j • .i*. 

These results were given in [2]. 

The simplified estimator    ß    of    ß,    which Is shown In [2]  to be 

consistent and for small values of  a   virtually the same as the maximum 

likelihood estimator   8   is given by 

6 - /SR. 

3 



If  tlu-  samplf  slzi'   is    n 3 2,     Llu-n  it  altui   follows from tlu' 

rt'Sults  of   [2]   tliat   thv  maximum  llki'lihood  estimaLors of    <%    and     ft 

sat isfv 

/'Y 
u    »   K   -- 

Wi- noti' that for n = 2,  the maximal Invariant for confkUnci sets 

and ti'sts i)f hypotheses independent of a  is the ritio '', ('I'-/.')/r (T /■ ) • 

For n = 2 there is apparently no function of £/[•; and u to whicli 

tiiis ratio is equal.  One would infer that functions of a and  ?.  (or  i-) 

cannot be used to obtain confidence sets for (4.  In fact, we now demon- 

strate that for n = 2 one cannot have confidence sets and tests of 

hypotheses for either a or ß based on functions of a and P. 

Let X,  denote a random variable with law ^(u.l). In distribution 

we sec that 

(1.1) £-= /o 12 
*Ä   5 ' 

since each    X.     is  equal  in distribution to  its  own reciprocal.     This 

property we call the reotproeal property.     Thus   (1.1)  says that    P/r 

has the reciprocal property.     We now  find  the distribution of  the   prodiut 

X1X2,    call it    G: 

G(t)  = P[X1X2 1 t]  - P[X1 <_ tX2] 

00 

=   /     9?[~ atx)]d^[^ C(x)]. Jr. a a, 

Letting    i^ s f.        we  see 



00 

(1.2) G(t) - f    M-w(ay)]d9Ky). 

From   (1.1)   it  follows  that 

ri.      .,       „f„ ..        ..2,      „..2, (1.3) Pl^iy] - PIX^ 1y'] - G(y'), 

Since in distribution u = |^(/X-X«)]  we see 

(1.4)  P[a 1 z] = P[-z 1 fyX1X2 1 z] - PlH-z) 1 /Xjx^" <  ^(z)] 

= r.[^2(2)] - G[^2(-Z)]. 

Thus in terms of the distribution of G, which contains a as 

a nuisance parameter, we can express via (1.4) and (1.3) the distributions 

of u and &. Note how the parameter a is "scrambled" in the distribution 

of a,  in fact, it appears to be almost inextricably bound. 

Using the fact that 

^n t 
^(t) = 2 sinhp—-)   for t > 0, 

an   identity given in  [3],   and some  straightforward,  but  tedious,  algebra 

one   finds 

(1.5) i a^(ay)]  = -[sinh | + sinh'1^)] 

= y  s (-)    + y2 cosh 4). 

TIIUH we ronclude  that   for exact  inference the distribution  of    ft,    based 

on   two observations, would be of use only if    a    were known.     Since 

^ UtiHay)] iy sinh(|) +  |y|  cosh (|) = Ut,y) 

say,  we have 



(1.6) G(t) i /   9J[Ä(tIy)]d9?(y). 

Thus  finding a    t1_      such that  the right-hand side of   (1.5) 

equals    1-t    would enable one  to obtain a conservative lower confidence 

bound  for    &   (which is the one of primary interest  in life studies) 

since by   (1.3) 

(1.7) P[(e//t^) iß]  - G(t1-e)  >.l-e. 

This bound is of level 1-e and invariant with respect to a. Whether or 

not it is of use would depend upon the outcome of numerical tabulation and 

the practical situation. 

The conjecture  that for all samples  of size greater than two, 

the maximum likelihood estimators of both    a    and    §    would contain the 

nuisance parameter    a   would seem to be substantiated.    At  the same time 

a result as explicit as   (1.2)  and  (1.6)  appear to be a formidable task 

for large sample sizes. 



2.  Invnrlant Confidence Intervals and Tests for ß 

Suppose we have a sample T.,...,!  ot Independent &(atQ) 

variates. From the equations (0.1) and (0.2) it follows that 

T 
1   i Zi " cT ^1P   for i"1»",»n 

are independent standard normal variates.    Maximal  invariants  for 

estimators,  tests and confidence bounds  for    6,    invariant with respect 

to   a,     are functions  of ratios of such variates.     We can try to 

utilize well-known results  for the normal distribution to obtain bounds 

on   ß   functionally independent of   a. 

First let us  consider,  for    k + m » n,     the statistic 

k.m      ^k   f     l//"^!    i 

which has Snedecor's F-distribution with    k    and    m    degrees of  freedom 

in numerator and denominator,  respectively. 

From standard tabulations we can find    6..,    62    such that 

Pt62< Vm^l1  'y 

for any prescribed    ye   (0,1). 

The question is whether these percentage points of the F-distribution 

can be used to obtain confidence bounds on the unknown parameter    ß 

2 1 independent of    a.    Using the fact that    £;   (x) = x + —   - 2    we study an 

observed value    u,      (ß)    as a function of    ß    and obtain k ,m 

12 

"k,m^/   i i eZn) " s2+ «2'*s -2e 
m
 k+i   ^ 

"L   ».(ß) 



•nting either  the 

,ts    r^lt A-^i j 

i k /i k   -A-1 
wliere    s,   = r    ^     f..    i"i   = I r   ^     tj   ) an' the arithmetic  and 

i     k   T    i      i    ^k ir1   i / 

hanmniic means of tlu» first k observations, witli s-, r2 defined 

similarly.  Consider the quadratic equation representing either the 

numerator or denominator.  One sees that it has root 

but from the well-known inequality between r, s we infer that both 

roots are complex. Therefore, no real roots or poles exist for the 

rational function g(B) for 3 > 0.  Unfortunately, closer examination 

shows that the distribution of U,   is virtually invariant with k,m ' 

respect  to    B    so that inversion to obtain meaningful confidence bounds 

is not possible.     To see  this note  that 

k,m 1    2. k,m l    1 

which both have an expected value near unity.    Now 

2 
sgn u,'     (ß) = sgn(aß    + bß + c) 

K,m 

11 S2      Sl 
where    a = ,    b= ,     c ■ s,  - a«.    Thus  the function 

r2  r1 '    ^  r2 '     12 

u,  (ß) has one local maximum and one local minimum but the actual K,m 

behavior depends upon the values of a, o, c. Note that a will always 

be near zero so that the quadratic equation is nearly linear. The roots 

are 

Examination shows that one of the roots is near  |"rl  for | a|  small. 

Some actual computer runs on the IBM-360 were made for the case 

k = m = 50 and yielded the following values: 





Hence we seel; a statistic whose distribution is invariant with 

respect to  ß, depends upon ot  for finite sample sizes but does not 

depend upon  a asymptotically.  Let us try 

i-i i-i 

where 5 = /SR is the mean mean, i.e. the geometric mean of the 

harmonic and arithmetic means Our rationale for this choice is 

that 

(a)2 - "T I C2(T./ß) 
n 1-1    i 

2 
is the maximum likelihood estimator of a  if 6 is the maximum likeli- 

hood estimator of ß. For smull a we know by previous work that the mean 

mean is the same as the maximum likelihood estimator but much easier to 

compute.  This we put in the denominator and obtain 

Since 

n 1-1    i        R 

we see that  as    n •+ 0I'   with probability one 

C<4) - 5(1 + %■)  - «VA + 2o2   . 

Thus  the proposed statistic cannot be Invariant with respect  to    a    even 

asymptotically.    Consequently, we propose a modified statistic which has 

10 



a dlslr Unit Ion Independent of B and asymptotically Independent of a, 

namely 

Yn=yHi^ . 
n   2n fs  

v n 

The coefficient   has  been chosen  to make     S/R -  1    an unbiased   estimator 

2 
of    a   .     Consider an  observed value as  a  function of    ß 

yn(ß) = c _ß 9. 
n   /  

A-1 
r 

It is clear that as a function of  R  it is not only monotone 

decreasing but has a range of » to -»•  Thus it could be inverted 

to obtain confidence intervals for B  if percentage points were tabulated. 

Unfortunately, simulation by Monte Carlo procedure of the distribution of 

Y  revealed that although the statistic is indeed asymptotically inde- 

pendent of a, the independence is not exhibited for samples of size 50 

or smaller. 
Z2 

We now consider the ratio, letting k+m=n, of W = jT" where 
n    T           k   T 1 

Z » —  y  C(-r),  Zo - — 2 K(-r), and W has the distribution 
1  ^ i-k+1   ß    2     A i-1       e 

of the ratio of two independent standard normal variates.  This distribution 

is the Cauchy distribution F given by 

F(x) « -r + — arc tan x   -« < x < ». 

Alternatively, letting F. . denote Snedecor's F-distribution with one- 

degree of freedom in numerator and denominator, we have 

11 





Casi! I'.  Pj«!,  P2q2 

«(/<) 

f r n 

Figure 2. 

Suppose it is known that for some t    we hav P(l < W < u) ■ l-t{ 

then {;• > 0:;  w(^) < u| Is a 1-E level confidence region. By 

inspection we see that any set of the form |3 > 0:£ < w(B) <  u) could 

consist of two critical regions, an upper critical region or a lower 

critical region only, or the empty set which would occur at random 

depending upon the values of Pi^i» Po*'? ^n re^a'^on ^0 *•» ^ 

This is an unsatisfactory state of affairs since we should like 

not only to be ahle to determine one-sided confidence intervals but to be 

able to place half of the confidence that ß lies in the upper critical 

region and half that it lies in the lower. Moreover, as a matter of 

practical convenience, we should prefer that one calculation suffice to 

determine both upper and lower confidence intervals. To this end, we 

propose to find a method of separating these regions. One realizes 

that this is equivalent to ordering the observations. 

13 





n   ■ max n 1   TJ./V    (l/T.     i4,    h[i(c),T       T      J £1    *tn j^ J.n i,n n,n (3.1) 

where   hU(E),T.      T   n] -  (/fTT tU)!1? n -   |   T1* nl/ 
i,n n   n,n i,n  ^^ 1»n 

I/n-1 l(c)/T,  - y (1/T. ) ]. From considerations of synunetry, 
•   1-2    ,n 

one obtains a lower confidence bound on 6 at level 1-c as 

u   - mln n il   Ti„/i    WTi„>«    h'[Uc).T        T 
£«1    l»n j.i J»n 1,n n»n 

] (3.2) 

*    ."v1^ where   h'Ufc),!.      T   n] -  [/^T £(c)T^     -   S   T*    J/ 
'n-l 1"1 

[^ri(c)/T^n -   I    (1/T. „^l. 
n»n      j.i J»n 

A test of the hypothesis    H.:  ß 1 0O    versus    H.: ß < ß     based 

on   W.(ß.)    rejects    H.    at significance level   e    If 

n n 
1   CC^/SQ)^(TJ^/BQ) > Kt)    and      nS(ß0) -   ][   C^/SQ) < 0; 

a test of    H,: ß < ßA   versus    H.: ß > ß.    based on   W : 
A u 1       ~"   u n 

/n-l i"l 

rejects    H«    at significance level    e If 

W -11(E)  and  nS(ß0) > 0■ 

A two-sided test at significance level 2c rejects 

15 







The N values of X  , W, and W  allowed us to determine 
n,n  1      n 

estimates of 

1       n,n     i 

D9(z) - P[Xn n < 0, Wn > z] 

D3(z) - PlnS < 0, W1 > z] 

so as to produce a table of Ck(0 such that D. [^(c)] - e. The entries 

of the tables were obtained by letting X-(j),.,.,X(J) be the J of the 

N samples of size n and calculating, e.g. with k ■ 1, 

V^-S^iVn^ <0' W1(J)>Z}. 

Here IA} IS the Indicator of the event A, equal to one If true 

and zero otherwise. The valuta Di.(Oi  j"l,...|N were computed 

from Independent samples which form a sequence of Independent observa- 

tions of a decreasing function. Maximum likelihood estimates of P. 

were therefore determined by using the method of Brunk [5] for monotone 

functions applied to the values of D. (z.), j-l,...,N.  (This technique 

is also used, e.g., in the construction of maximum likelihood estimators 

of increasing failure rates, see [6].) 

Now, consider the following events: 

Al- (Xn.n< 0. Vl1' Bl- ^l.n^'V'l1' 

A2- (Xn.n< 0' Wn> h]*   B2 "  tXl.n > 0' Wl > h^ 

A3 - (nS < 0, W1 > ;3],       B3 - [nS > 0, Wn > ;3]. 

)8 









An illustration of the use« of Table I is now Riven. Let 

t ,...,t, be the ordered failure times of a device in life testing. 

Under tin- assumption that the unorderei     ,rc times would be a 

random sample from the two-parameter distribution defined by 

Kquat ion (0.1), a I00(l-t)% lower confidence bound on H Is given 

by Equation (3.1), namely 

min 
5,5 

„   ''4'    ~   ^i      » 
1=1   1  1=1 

2^<c)/^- VtJ 

Suppose the life times, in hours, were 

t1 = 48,310 

t2 = 55,154     t3 = 61,273 

tA = 58,110     t5 - 67,769 

and we set c = .1.  We compute a lower confidence bound for B at 

level .90 to be equal to 45,375. 
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Figure 3.  Graphs of power as a function of (5. 
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Figure  4.     Graphs  of power as  a function of    «5, 
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